
PHYSICAL REVIEW D 68, 116002 ~2003!
Flavor constraints on split fermion models

Ben Lillie and JoAnne L. Hewett
Stanford Linear Accelerator Center, Stanford, California 94309, USA

~Received 25 July 2003; published 8 December 2003!

We examine the contributions to rare processes that arise in models where the standard model fermions are
localized at distinct points in compact extra dimensions. Tree-level flavor changing neutral current interactions
for the Kaluza-Klein gauge field excitations are induced in such models, and hence strong constraints are
thought to exist on the size of the additional dimensions. We find a general parametrization of the model which
does not depend on any specific fermion geography and show that typical values of the parameters can
reproduce the fermion hierarchy pattern. Using this parametrization, we reexamine the contributions to neutral
meson mixing, rare meson decays, and single top-quark production ine1e2 collisions. We find that it is
possible to evade the stringent bounds for natural regions of the parameters, while retaining finite separations
between the fermion fields and without introducing a new hierarchy. The resulting limits on the size of the
compact dimension can be as low as TeV21.
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I. INTRODUCTION

In recent years there has been much interest in the po
bility that there may exist compact extra dimensions w
sizes far above the Planck length. In particular, the poss
ity of TeV21-sized extra dimensions arises in brane wo
theories@1–6#. By themselves, they do not allow for a refo
mulation of the hierarchy problem, but they may be incorp
rated into a larger structure in which this problem is solv
such as the case of large extra dimensions@7–9#. In the sce-
nario with TeV21 extra dimensions, the standard mod
~SM! fields are phenomenologically allowed to propagate
the bulk. These models are hence subject to stronger ex
mental constraints and have distinct experimental signat
from the case where gravity alone is in the bulk.

There are many possibilities for how to place the stand
model fields in the TeV21 bulk. In the universal extra dimen
sions scenario all fields see the extra dimensions, giving
to a conserved parity that relaxes direct production and
cision electroweak constraints, and may provide a dark m
ter candidate@10–13#. The effects of universal extra dimen
sions in rare processes have been considered in@14–17#. It is
also possible to localize the fermions without localizing t
bosons, which allows for the gauge fields to propagate fre
throughout the bulk. More recently it was noticed by Arkan
Hamed and Schmaltz~AS! that one could localize differen
fermion species at different points in the TeV21 extra dimen-
sions@18#. These ‘‘split fermion’’ models naturally suppres
many dangerous operators, particularly those inducing p
ton decay. They also can naturally generate large Yuka
hierarchies; and it has been shown by multiple authors
there exist models which can generate the correct spec
of fermion masses, as well as the correct magnitudes
Cabibbo-Kobayashi-Maskawa~CKM! matrix elements@19–
24#. The most stringent generic limits in this case arise fr
precision electroweak measurements, which place the c
pactification radius atR&2 –4 TeV21 @25–28#. The specific
fermion locations can be probed in high energy collisio
and at very large energies, cross sections will rapidly van
0556-2821/2003/68~11!/116002~12!/$20.00 68 1160
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since split fermions will completely miss each other in t
extra dimensions@29,30#.

This makes the split fermion scenario an attractive po
bility for the origin of the Yukawa hierarchy. However, spl
fermions~like most models of the fermion spectrum! are also
capable of generating large flavor changing neutral curre
~FCNC!. The magnitude of these currents in the neutral m
son sector has been estimated by several groups, and a
ently generate strong constraints@21,31,32#. In this paper we
reexamine these computations to derive more model in
pendent constraints on split fermion models arising fro
FCNC and show that it is possible to evade the string
bounds for natural regions of the parameters.

This paper is organized as follows. In Sec. II we set up
split fermion scenario in as much generality as possible
give statistical arguments to demonstrate that they can
count for the observed fermion spectrum. We then desc
how FCNC are generated in this scenario. In Sec. III
calculate the effects on neutral meson oscillation. Section
presents the effects on rareB decays, and single top produc
tion in e1e2 collisions, and Sec. V concludes.

II. THE MODEL OF SPLIT FERMIONS

Here, we construct a very general model that charac
izes the effects of separating the standard model fermion
an extra dimension. We start by examining the origin
model considered by AS.

In the AS model there is one extra dimension, which
taken to be flat. It is possible that this extra dimension
actually a ‘‘brane’’ with a finite width embedded in som
other extra-dimensional scenario. For this reason TeV21 di-
mensions are often called ‘‘fat branes,’’ but they need not
tied to other models. Note that if the brane is not a str
theory object, but arises from some field theory mechani
then it necessarilyhas finite extent in the extra dimension
This makes the study of fat branes essential to building r
istic field-theoretic models of extra dimensional scenarios

In this model the standard model fields are localized to
brane. Note that the wordbrane here refers to any mecha
©2003 The American Physical Society02-1
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nism for achieving this localization. It may or may not be t
same as the branes encountered in string theory. Initially
fields are allowed to propagate in the entire dimension
addition to the fields present in the standard model, there
real scalar field which couples to the fermions, but not to
gauge bosons or the Higgs.

If the scalar has aZ2-symmetric potential, then it can
develop a stable solution which tunnels from one of
vacua to the other, called a kink solution. A mechanism
localizing fermions to a thin but finite width region inside
domain wall has been known for some time@33#. There it
was noted that in 111 dimensions a massless fermion with
Yukawa coupling to a scalar field that has a kink-profi
vacuum expectation will develop a zero mode, with a Gau
ian profile centered at the location of the kink. This can
trivially extended to more dimensions by considering a d
main wall instead of a soliton and making all zero mod
constant in the transverse directions. Note that a fi
dimensional fermion field contains two four-dimensional fe
mions, one of each chirality. If the extra dimension is in
nite, then the zero mode of only one chirality
normalizable. If the extra dimension is finite, then someth
else is needed to produce chirality. A standard procedure
compactify the dimension on anS1/Z2 orbifold, which
projects out the unwanted chirality. A nice side effect of th
is to render the kink absolutely stable.1

In contrast to the fermion sector, the gauge bosons
free to propagate throughout the extra dimension. Since
dimension is compact, and flat, the mass spectrum of
Kaluza-Klein gauge states is linear withMn

25n2/R2, and the
orbifold boundary conditions project out the odd solution
so the wave functions along the fifth dimension,y where
0<y<R, are

A(n)m~x,y!5A2

R
cosS npy

R DA~n!m~x! ~n>1!, ~1!

whereR is the size of the extra dimension. Putting all th
together allows investigation of brane world models wh
there is a single extra dimension of roughly inverse TeV s
with fermions localized in the center and gauge bos
propagating though the entirety.

A more interesting picture can be obtained by consider
the fermion localization mechanism. There is a simple h
ristic for why this should occur. The fermion is Yukaw
coupled to a scalar field which develops a non-zero vacu
expectation value~VEV!. The ordinary fermion Higgs phe
nomena should then give the fermion a mass. However,
VEV is position dependent and in particular there is a pla
where it is zero~the center of the kink!. So the fermion has a
position dependent mass, which is somewhere zero. T
the fermion is the easiest to excite near the zero mass, an
most of the probability for the lowest lying state~the zero
mode! will live near the center of the kink.

1It is interesting to think that if one invokes a mechanism to
calize the gauge bosons, as in@34#, then one could have a fat bran
residing in an infinite dimension.
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Given this heuristic, it should be reasonable that if the
fermion has a massM, then the center of the Gaussian mov
to y5M /2m2, wherem is the slope of the kink profile, andv
is the scale of the VEV. Indeed, it turns out that this is t
case, as was first noted by Arkani-Hamed and Schmaltz@18#.
This allows different fermion fields to be localized at diffe
ent points in the extra dimension. To see why this is de
able, consider an operatorO that involves fermions separate
by a distanced. The effective 4D coupling in the dimension
ally reduced theory is proportional to the integral over t
extra dimensions of the wave functions of all fields appe
ing in O. Since the fermion wave functions are Gaussi
this gives a suppression proportional toe2am2d2

, where a
depends on the operator being considered. This has b
shown to be very effective at suppressing dangerous hig
dimensional operators, such as proton decay. Additiona
the fact that exponentially different couplings can result fro
linear separations provides a natural means of explaining
fermion mass hierarchy. Lighter fermions have greater se
ration between their left and right handed components.
this way Arkani-Hamed and Schmaltz proposed a theory
explain the Yukawa hierarchy without invoking new symm
tries, and which is safe from proton decay. Several auth
have proposed specific ‘‘geographies’’ that do indeed rep
duce the correct fermion masses, as well as the CKM par
eters@19–24#.

There are, however, other potentially dangerous effect
the fermion separation which are not suppressed by
mechanism. The gauge bosons will have a Kaluza-Kl
~KK ! tower of states. The zero modes, which are flat in
extra dimensions, correspond to the SM gauge fields,
have the correct couplings to the fermion zero modes. On
other hand, the excited states have cosine profiles, as g
in Eq. ~1!.2 The coupling strength of these modes to t
fermions are scaled by an integral over the overlap of
fermion and gauge wave functions. However, since
height of the boson wave function will be different at th
locations of the different fermions, there will be non
universal couplings of a single gauge KK state to differe
fermion species. This leads to the possibility of flavor chan
ing interactions, including tree-level neutral currents, for t
KK modes of theg, Z, and gluon, as illustrated in Fig. 1
One then expects large effects to come from the tree-le

-
2In general they are plane waveseiny, but the orbifolding projects

out the odd modes.

FIG. 1. Feynman diagram for the tree-level KK gauge excha
mediating neutral meson oscillation.
2-2
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contributions of the KK gluon states to FCNC processes
particular to neutral meson oscillation. Calculation of the
effects can put limits on the size of the extra dimensi
Also, note that while this discussion was motivated by
kink model, these issues will be relevant to any model w
split fermions. This is an example of the general princip
that any attempt to explain the Yukawa hierarchy will nec
sarily treat flavors differently, and will tend to generate lar
flavor-changing effects.

In practice, geography independent constraints have b
difficult to obtain due to the large number of parameters
the model. These areR, s ~the width of the fermion wave
functions which is 1/m in the kink model!, and (dn2d) po-
sitions, whered is the number of extra dimensions andn is
the number of independent fermion fields. Previous disc
sions@21,31,32# have put constraints onR only by first ob-
taining a single set of positions that reproduce the Yuka
couplings of the standard model, and calculating the flav
changing effects in that particular geography. However,
would like a more model-independent way of understand
the magnitude of flavor effects in this class of models.

To accomplish this we consider the problem of FCNC
split fermion models in as much generality as possible
specific, realistic model exists in string theory@32#, as well
as the field theory example just presented. In summary,
abstract from these the following points:

~1! There exist one or more extra dimension
compactified3 with a radiusR.

~2! Each fermion fieldc i has a chiral zero mode that
localized near the center of the dimension atyi , with Gauss-
ian profilesc;e2(y2yi )

2/s2
, where the widths!R is taken

to be the same for all fermion species. If there is more th
one extra dimension, they are taken to be isotropic in th
dimensionsc;e2(yW2yW i )

2/s2
.

~3! The gauge bosons are free to propagate in the en
fat brane part of the extra dimension.~There may be a large
bulk accessible to gravity.!

~4! The boundary conditions for the bosons are taken
be such that the wave function for thenth KK mode isA
;cos(npy/R). Note that these are generally the same con
tions that allow chiral zero modes for the fermions.

~5! The field content~gauge group, number and charge
matter fields! is identical to the standard model, plus wha
ever fields are necessary to localize the fermions.

These assumptions generate an effective four-dimensi
Lagrangian that reduces to the standard model at low e
gies. The new features present are the propagating gaug
modes, their couplings, and the fact that the Higgs Yuka
couplings are determined by the fermion locations.

We now construct the interaction Lagrangian for this s
nario, focusing on the quark sector in this paper. An ana
gous treatment of the leptonic sector can be performed. N
that there are excited states of the fermion fields in addi

3In one dimension the compactification isS1/Z2. In more dimen-
sions we take the compactification to be flat and orbifolded in s
a way that it looks like a simple product of single dimensions.
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to the KK boson states. However, since the fermions
localized with a width smaller thanR, the scale of the fer-
mion excitations will be significantly higher than that of th
KK gauge states. In addition, the fermion KK modes do n
participate in the processes considered here. We there
only consider the fermion zero modes, while we include
complete KK tower for the bosons. With one extra dimens
the coupling of thenth KK boson to a flavor localized at th
scaled position,5x/R is determined by the overlap of wav
functions:

E
0

1

dyc̄~y!c~y!A(n)~y!.E
0

1

dycos~npy!e2(y2,)2R2/s2

.cos~np, !e2n2s2/R2
, ~2!

wherey has now been normalized toR. For d extra TeV21

dimensions this generalizes to

c(nW )~, ![S )
k51

d

cos~nkp,k!D e2n2s2/R2
. ~3!

The gauge coupling of the gluons, for instance, can then
written in flavor space as

Lint5A2gsGm
~n)A~ d̄LgmTACL

(n)dL1d̄RgmTACR
(n)dR!1~d→u!

1H.c. ~4!

Here dL(R) is the vector of left~right! handed down-type
quarks d̄5(d s b), gs is the SU~3! coupling constant, and
G(n)m is thenth KK gluon field. The diagonal matricesCi

(n)

are the wave function overlaps given by Eq.~2!. The factor
of A2 arises from the rescaling of the gauge kinetic terms
the canonically normalized value for alln.

Now, the Higgs zero mode, which is the standard mo
Higgs, is flat in the extra dimension,H0}1/R. Then the
Yukawa couplings to the 4D Higgs field are given by

Rl5E
0

1

dyH0q̄LqR.l5E
0

1

dy e2(y2yi )
2/s2

e2(y2yj )
2/s2

.l5e2(yi2yj )
2/s2

. ~5!

Herel5 is an overall 5D coupling constant that is fixed to
O(1) by the top quark mass. We write the 4D Yukawa co
plings to ~for instance! the down-type quarks in the flavo
basis as

LYukawa5d̄VR
(d)†MdVL

(d)d, ~6!

whereVR
(d)†MdVL

(d) is the matrix of Yukawa couplings with
elements given by Eq.~5!, and Md is the diagonal mass
matrix.

We can now write the relevant terms of the Lagrangian
h

2-3
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FIG. 2. Histograms of 105 ran-
dom trials of the size of the fer-
mion hierarchy, log(m1 /m3),
wherem1 is the largest andm3 the
smallest mass for a single Yukaw
matrix. Main graph: The split fer-
mion model where the position
are randomly drawn on the inter
val @0,15# in units of the fermion
width. Inset: In a null hypothesis
where the Yukawa matrix ele
ments are randomly drawn from
the interval@0,1#.
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L5d̄LVL
(d)†MdVR

(d)dR1ūLVL
(u)†MuVR

(u)uR1
g

A2
Wm

(0)ūLgmdL

1 (
n51

`

@A2gsGm
(n)A~ d̄LgmTACL

(n)dL1d̄RgmTACR
(n)dR!

1~d→u!#1H.c. ~7!

After the usual transformation to the mass basis, the C
matrix is clearly the productVL

(u)†VL
(d) . Note, however, that

the presence of non-universal couplings prevents the p
ucts Ui

q(n)[Vi
(q)†Ci

(n)Vi
(q) from being trivial, so there are

flavor-changing interactions in the KK-gluon sector. The
also occur in the excited photon andZ couplings. However,
those are suppressed relative to the gluons by a facto
g/gs , so we expect that the KK gluons will dominate an
process to which they contribute.

Before examining the numerical impact of the tree-le
FCNC interaction in rare processes, it will first be useful
get a handle on how far the fermions need to be separate
has been shown by Grossman and Perez@19# that there exists
at least one set of positions that correctly reproduces
observed fermion spectrum and magnitude of the CKM e
ments. They found that, subject to a certain set of naturaln
assumptions, there was a single solution. A different solu
was found in@21# by choosing different up- and down-typ
Yukawa coupling constants in the 5D theory. Typical sepa
tions in these solutions are from 1–20 units of the ferm
width. In what follows, we parametrize the separation b
tween 2 fermions in units of the width, i.e.,Dy5yi2yj
5a i j s, and treata i j as phenomenological parameters.
addition, we find it useful to definer5s/R.

As a counterpoint to the studies in@19# and@21# we have
performed a simple Monte-Carlo analysis in an attempt
see how large a hierarchy is generated naturally for fermi
randomly distributed on an interval. To do this we random
draw fermion positions from a distribution flat on the interv
11600
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@0,amax#, and use these to compute the Yukawa matri
from Eq. ~5!. We then compute the singular values of the
matrices, which are the fermion masses. We can get a s
of the hierarchy by taking a particular Yukawa matrix~say
the up-type! and finding the ratio of the largest to the sma
est singular value. In Fig. 2 we show a histogram of the
of this ratio for amax515. For comparison we have com
puted the same value for a ‘‘null hypothesis’’ where inste
of the split fermion scenario, the entries of the Yukawa m
trices themselves are drawn directly from a distribution fl
on the interval@0,1#. As expected, the case of split fermion
clearly generates a much larger hierarchy. What is surpris
is that one needs to setamax'10–15 before a hierarchy o
six orders of magnitude becomes common, while in@18# it
was claimed that this hierarchy could result fromamax'5.
The discrepancy is due to the fact that, while a separatio
a55 will indeed generate a matrix element of the order
1026, the singular values~which are the actual masses! of a
full Yukawa matrix with separations no larger than 5 w
tend to be too large. We note that the full fermion spectr
can be generated byr as large as 1/15, i.e., without intro
ducing a new large hierarchy between the compactifica
and fermion localization scales. Also note thatamax repre-
sents the part of the extra dimension in which the fermio
can be localized and need not be the same as 1/r, which is
the size of the dimension through which the gauge bos
can propagate.

III. CONSTRAINTS FROM NEUTRAL MESON
OSCILLATION

Significant effects from the flavor-changing gluonic co
plings should show up in neutral meson oscillations. We s
by examining the effects on kaon mixing. TheDS52 effec-
tive Lagrangian from the single KK-gluon exchange depic
in Fig. 1 is
2-4
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Vi (11)
d Vi (12)

d* Vj (11)
d* Vj (12)

d (
n51

` @cos~npxdi
!2cos~npxsi
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Here,xi are the positions of thed quark fields,yi of the s
quark, and we have used the unitarity of theV’s ~here, we
have approximated this with 232 unitarity; we discuss the
third-generation effects below!. We are especially intereste
in the form of the sum over the KK modes. While KK sum
are usually divergent in more than one extra dimension
require a cutoff, ours contains a natural cutoff arising fro
the finite width of the fermion zero mode, and hence is c
vergent for a number of extra dimensionsd>1. This is
simple to understand physically. The cutoff sets in when
wavelength of the KK mode is of the order of the fermio
width, which occurs atR/nmax5s. At higher momenta the
wave function of the boson oscillates many times within
pe

e
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11600
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fermion, allowing it to resolve the fermion’s wave functio
and exponentially decouples. The fact that this cutoff ari
naturally in the field theory model is an attractive feature
that particular mechanism for fermion localization.

In one additional dimension the sum converges even w
out the exponential suppression. In this case it is insensi
to the value ofr and can be computed analytically by igno
ing the exponential factor. To do this we need to evaluat

F~x,y![ (
n51

`
@cos~npx!2cos~npy!#2

n2
~9!

and
G~x1,y1,x2,y2![ (
n51

`
@cos~npx1!2cos~npy1!#@cos~npx2!2cos~npy2!#

n2
. ~10!
le,
ny
te
ft
sig-
ose
in-
nt

ing
The computations for these sums are presented in the Ap
dix. The final result is

F~x,y!5
p2

2
ux2yu ~11!

and

G~x1 ,y1 ,x2 ,y2!

5
p2

2
~ ux12x2u1uy12y2u2ux12y2u2ux22y1u!. ~12!

This tells us that the flavor changing effects depend, as
pected, on any non-zero separation between fermion fie

The hadronic matrix elements for the gluonic contrib
tions to Kaon mixing are given by~computed in the vacuum
insertion approximation! @35#

^K̄0ud̄LgmsLd̄LgmsLuK0&5 1
3 f K

2 mk

^K̄0ud̄LgmsLd̄RgmsRuK0&5 f K
2 mkF 1

12
1

1

4 S mK
2

md
21ms

2D G ~13!

as well as those with (L↔R), which have the same evalua
tion. Written out in full, the contribution toDmK is then
n-

x-
s.
-

DmK5Rê K̄0uL DS52uK0&5 2
3 gs

2R2~ uVL 11
d VL 12

d* u2F~xdL
,xsL

!

3^K̄0ud̄LgmsLd̄LgmsLuK0&1uVR 11
d VR 12

d* u2F~xdR
,xsR

!

3^K̄0ud̄RgmsRd̄RgmsRuK0&

1~VL 11
d VL 12

d* VR 11
d* VR 12

d !G~xdL
,xsL

,xdR
,xsR

!

3^K̄0ud̄LgmsLd̄RgmsRuK0&

1~VR 11
d VR 12* d VL 11* d VL 12

d !G~xdL
,xsL

,xdR
,xsR

!

3^K̄0ud̄RgmsRd̄LgmsLuK0&!, ~14!

wherexdL,R
are the positions of thed field, andxsL,R

of s.
Note that all possible separations~between quark fields! are
present, but some enter with different signs. In princip
then, the gluonic contribution could be made small for a
values of R and r by placing the quarks at appropria
places. However, the terms involving only right or le
handed fields occur with the same sign. So, to achieve
nificant reduction, cancellations must occur between th
terms and the terms which involve both chiralities. This
volves tuning the quark positions to the values of differe
hadronic matrix elements, which introduces a fine-tun
2-5
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problem. Otherwise, it would imply that the UV physics th
localizes the quarks has information about the IR behavio
QCD We can therefore expect that cancellations will
O(1) at most. This is seen clearly in the Monte Carlo tria
where the random positions have no relation with the h
ronic matrix elements and no significant cancellation occu

In light of this we can explore the magnitude of the flav
effects just by looking at a single term in Eq.~14!; for con-
venience we choose the first. We can then describe the
tributions with only three parameters: the radiusR, the scale
ratio r, and the separation between one pair of fermions,a.
The sum over KK modes is then calculable in terms of th
parameters. SinceR enters only in the mass in the KK propa
gator, we can write the contribution in the simple form

DmK5 2
9 gs

2f K
2 mKR2Vds,ds

4 Fr~ra! ~15!

whereVds,ds
4 stands for the appropriate product of 4 eleme

of the VL,R
u,d matrices, two at each vertex, and, as shown

Eq. ~11!, F(x,y) only depends on the difference of it’s arg
ments, so we can write it as a function of only a sing
variable, given by the productra. The subscript onF re-
minds us that in two dimensions or moreF also depends on
r directly as the cutoff parameter, in which case it must
computed numerically. If we demand that this contribution
DmK be no larger than the measured value~a conservative
assumption from the point of view of constraining th
model! we get

1

R
>bKAVds,ds

4 Fr~ra!, ~16!

wherebK is a coefficient of dimension 1, which depends
the meson parameters. This expression immediately gen
izes to other neutral meson systems by using the approp
coefficient b, and the appropriate matrix elements ofV.
Table I shows the values ofb for cases of interest, alon
with representative values ofFr(ra).

The resulting constraints are shown in Figs. 3 and 4, fo
and 2 extra dimensions, respectively, using the value ob
11600
f
e
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n

e
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1

andVds,ds
4 appropriate for the Kaon sector, and assuming t

V are CKM-like in magnitude~we discuss that assumption i
detail below!. There are two features note. First, with on
extra dimension the constraint is a simple square-root fu
tion, as can be seen from Eq.~11!. This means that the
flavor-changing effects can be made arbitrarily small by
ducing r, that is, by increasing the hierarchy between f
mion and boson scales. Second, in two dimensions the e
seems to be roughly constant inr, and flattens off at largea.
We know that the sum over the KK states diverges logar
mically before it reaches the cutoff, and so it should g
larger asr decreases. However, shrinkingr brings the fer-
mions closer together making the flavor effects smaller.
two dimensions these two effects are seen to roughly can
In three or more dimensions, the divergence of the sum w
completely, and the bounds onR21 are huge, effectively re-

TABLE I. Top: Representative values of the sumFr(ra) for
one and two extra dimensions. Bottom: Multiplicativeb factors for
mass splittings of the neutral mesons; 1/R>bAV4Fr(ra). NA
stands for not applicable here.

r a51 a55 a510 a520 a550

1D

1021 1.15 2.33 4.76 NA NA
1022 0.036 0.23 0.48 1.00 2.45
1023 0.0012 0.023 0.048 0.097 0.25

2D

1021 2.05 3.82 3.59 NA NA
1022 2.25 5.27 6.46 7.47 8.22
1023 2.27 5.41 6.67 8.08 9.78

Meson b ~TeV!

K0 1125.86
Bd

0 478.01
Bs

0 67.4346
D0 1124.23
he
n

FIG. 3. The behavior of the constraint on 1/R
with a for various values ofr. The area below
the curves is excluded. Note that the size of t
additional dimension in units of the fermio
width is 1/r, so the curve forr51/10 ends at a
maximal separation ofa510.
2-6
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FIG. 4. Constraints on 1/R from kaon mixing
for two extra dimensions; the area below th
curves is excluded.
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moving these cases from consideration as realistic mode
In Figs. 5 and 6 we display our results for all meson m

differences, takingr51/100. For mixing in the kaon secto
and Bd

0 sector, the bound is set by demanding that the n
physics produce an effect which is no larger than the
served value. ForD0 mixing, the effect is restricted to lie
below the current experimental bound. There is no exp
mental upper bound onBs

0 mixing, so we assume two value
one, the size expected in the standard model and the o
about 4 times larger, corresponding to the curves labe
small and large, respectively. Note that the most string
constraints come from mixing involving the first and seco
generation.

This pattern suggests a loophole in the otherwise string
constraints; namely, theV matrices need not be CKM-like
Since the CKM matrix is the productVL

(u)†VL
(d) , the observed

CKM hierarchical structure could result from a complete
different structure at the level of theVi . If there is small first
to second generation mixing the kaon andD0 constraints will
be relaxed, and all constraints would then be of the orde
a few TeV, even for large values ofr.
11600
.
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d
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However, in the previous calculation we ignored the th
generation when imposing the unitarity condition in Eq.~8!.
Transitions between two 4D mass eigenstates will involve
three generations in the localization~flavor! basis. In this
case the matricesUi

(n) will contain the positions of all three
generations of quarks, and the unitarity conditions on thV
matrices will be changed. For instance, for the term in E
~14! with both left-handed chiralities~and dropping theL
index!, in place ofuVL 11

d VL 12
d* u2F(xd ,xs) we should have

uV11u2V12V13* F~xd ,xs!1V11* V12V32* V31G~xd ,xs ,xb ,xs!

1V31* V32V13* V11G~xb ,xs ,xd ,xs!

1uV31u2uV32u2F~xb ,xs!. ~17!

These additional terms~including the ones not displaye
above corresponding to right and mixed chiralities! will en-
sure that in any mass splitting observable many mix
angles and fermion separations will enter. It then becom
non-trivial to reduceDmK by adjusting mixing alone. How-
ever, it is still possible to reduce the kaon andD0 constraints
al

ri-

nu-
FIG. 5. Constraints from all species of neutr
meson mixing for one extra dimension, takingr
51/100. See text for a description of the expe
mental values used. Note that theK0 andD0 re-
sults are separate lines that overlap due to a
merical coincidence.
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FIG. 6. Neutral meson constraints for two e
tra dimensions. The area below the curves is e
cluded.
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by noticing that the new terms contain fewer diagonal e
ments. Hence, if the weak and mass eigenbases are no
badly misaligned, i.e.,Vi have large diagonal elements an
smaller off-diagonal elements, then the strongest constra
may be relaxed somewhat. To get a better sense of wh
typically possible, we again run Monte Carlo simulation
From these we learn that a typical suppression factor is 121

for the factors multiplyingb in Eq. ~16!, 1022 is not uncom-
mon, and 1024 is obtainable, but rare, even for the fair
large valueamax515. This is illustrated in Fig. 7.

All these considerations together show that once the
rameter space is thoroughly explored, it is possible to ev
the large constraints from meson mixing for natural regio
of the parameters.

IV. RARE DECAYS

We also consider processes involving only a single flav
changing vertex. The best examples of this type which
ceive contributions from KK gluon exchange are rareB de-
cays, such asB→cKS and B→fKS . The most interesting
aspects of these decays are, of course, their assoc
CP-violating asymmetries. However, since we have no c
trol of the phases present in split fermion models, we can
address the new contributions toCP-violating observables in
a model independent fashion. Nonetheless, there are
level strong coupling contributions to these decays, so
can expect significant contributions to the branching fr
tions in split fermion models.

The effective Lagrangian for a process with a single fla
change is given by

Leff
Db515

2

3
gs

2(
n51

`
1

Mn
2 (

i , j 5L,R
Ui (qb)

d(n) q̄ig
mbiq̄jg

mqj .

~18!

Since one vertex is flavor diagonal, the sum depends on
absolute position of the fermions. For instance, the analo
Eqs.~3!, ~9!–~11! is
11600
-
too

ts
is

.

a-
e

s

r-
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ted
-

ot

e-
e
-

r

he
of

F8~x,y,z!5 (
n51

`
cos~npz!@cos~npx!2cos~npy!#

n2

52
p2

4
~ uz1xu1uz2xu2uz1yu2uz2yu

1px22py2!, ~19!

wherez corresponds to the location of the quark at the flav
conserving vertex. This additional complication turns out
be minor as the actual magnitude of the sum is similar to t
in the previous case and does not vary much over the par
eter space, as can be seen from Fig. 8.

We consider the decay amplitude

A~B→fKS!5
2

3
gs

2R2 (
i , j 5L,R

F8~xbi
,xsi

,xsj
!

3^fKSu~ s̄ig
mbi !~ s̄jgmsj !uB0&. ~20!

The relevant matrix elements are@36#

^fKSu~ s̄LgmbL!~ s̄LgmsL!uB0&5 1
3 H

^fKSu~ s̄L,ig
mbL, j !~ s̄L, jgmsL,i !uB0&5 1

3 H

^fKSu~ s̄LgmbL!~ s̄RgmsR!uB0&5 1
4 H

^fKSu~ s̄L,ig
mbL, j !~ s̄R, jgmsR,i !uB0&5 1

12 H. ~21!

Here, i , j are color indices, displayed explicitly in the non
singlet terms which now contribute. The common factor i

H52~ef•pB! f fmf
2 F1~mf

2 !, ~22!

whereef represents the polarization vector of the phi mes
and F1(q2) is the form factor for this decay. There are
2-8
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- 10 - 8 - 6 - 4 - 2 0
Log10 H

0

100

200

300

400
C

ou
nt FIG. 7. Histogram of values of

the factor H5A(V4F(x,y)
summed over the appropriate fe
mion positions andV matrix ele-
ments.
ved

to
om

the

this
addition four matrix elements obtained by taking (L↔R).
We use the valuesf f5233 MeV @37#, F1(mf

2 )50.38 @38#,
andmf51020 MeV @39#.

For the branching fraction we obtain@ignoring theO~1!
differences among matrix elements#

B~B→fKS!5
1

64pmBGB
f f

2 mf
4 F1

2 ~mf
2 !

3S (
n51

` UL(ss)
d† UL(bs)

d

n2 D 2

'9.131026S Vsb,ss
4

0.04 D 2S R

1TeV21D 4

3S (
i , j 5L,R

F8~xbi
,xsi

,xsj
! D 2

, ~23!

and similarly
11600
B~B→cKS!'5.631025S Vsb,cc
4

0.04 D 2S R

1 TeV21D 4

3S (
i , j 5L,R

F8~xbi
,xsi

,xcj
! D 2

. ~24!

Demanding that this should not be larger than the obser
rate gives the approximate constraints 1/R>1.0 TeV from
B→fKS and 1/R>0.5 TeV from B→cKS . These are not
competitive with those fromBd and Bs meson oscillation,
and provide a good consistency check. It is interesting
note that if a way can be found to reduce the constraints fr
the kaon sector to the few TeV scale without disturbing
b-quark couplings~say by arranging the mixing angles!, then
this contribution toB→cKS ,fKS is of roughly the same
order as that of the standard model. Any new phases in
scenario will thus contribute to theCP-violating observables
with equal effects in each decay channel.
a
e
e
he

e

FIG. 8. KK sum for processes involving
single flavor changing vertex as a function of on
of the fermion positions, corresponding to th
case where one of the fermions is localized at t
orbifold fixed point. The position of the third~fla-
vor conserved! fermion, z, is varied in steps of
one unit, with z50 corresponding to the top
curve andz520 to the bottom. The sum is don
for a single extra dimension of size 20 units.
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We have also estimated the tree-level KK contribution
single top quark production at LEP,e1e2→ t̄ q1tq̄ ~with q
5u,c) which proceeds via KKg (n) andZ(n) exchange. Us-
ing the parametrization in@40# we find an effective anoma
lous flavor-changing vector couplingvZ given in this case by

vZeff5~A212sinuWQ!MW
2 R2 (

i , j 5L,R
(
n51

` Ui (tc)
u U j (ee)

l

n2

~25!

'6.931024S R

1TeV21D 2

(
i , j 5L,R

S Vut,ee
4

0.04 D
3S (

i , j 5L,R
F8~xci

,xti
,xej

! D , ~26!

where we have used only thec→t coupling since it domi-
nates theu→t by a factor of 10. The current constraint o
this effective flavor changing coupling from LEP data isvZ
<0.75 @41#, and so split fermions in the up-quark sector a
not significantly constrained.

Lastly, we examine the potential gauge KK contributio
to the purely leptonic decay of neutralB mesons,Bq

0

→,1,2, with q5d,s. This process proceeds through tre
level g (n) and Z(n) KK exchange, and could, in principle
probe fermion splitting in the leptonic sector as well as in
quark sector. Here, for simplicity, we will assume that t
leptonic fields are all localized at the same point in the ex
dimension and will ignore any possible flavor changing le
tonic interactions. TheDb51 Lagrangian describing this de
cay is then

L eff
Db515 (

a5g,Z
2Ga

2 (
nW 51

`
1

Mn
2

3 (
i 5L,R

Ui (qb)
d(n) gi ,a

b q̄ig
mbigi ,a

, ,̄ igm, i , ~27!

whereGg5e and GZ5g/cosuw . The hadronic matrix ele-
ment governing this decay is given by

^0ugL,g/Z
b UL

d(n)q̄LgmbL1gR,g/Z
b UR

d(n)q̄RgmbRuBq
0&

5 i f bpB
m@gL,g/Z

b UL
d(n)2gR,g/Z

b UR
d(n)#, ~28!

wherepB
m represents the momentum of theB0 meson. Due to

parity, only the axial-vector current contributes to this mat
element. In the case of photon KK exchange, such contr
tions are generated when the left- and right-handed ferm
are localized at separate points. Here, we will ignore t
possibility and consider the case where only theZ(n) ex-
change mediates this decay. The branching fraction is th
11600
-

e

a
-

u-
ns
s

n

B~Bs→m1m2!5
4GF

2MW
4 f B

2m,
2mB

pcw
4

tBR4F12
4m,

2

mB
2 G 1/2

U(
n

gL,Z
b UL

d(n)2gR,Z
b UR

d(n)

n2 U2

51.1531026S R

1 TeV21D 4
Vdb,mm

4

~0.04!2

3ugL,ZF8~xbL
,xqL

,x,L
!

2gR,ZF8~xbR
,xqR

,x,R
!u2, ~29!

where we have chosenq5s and usedf B5200 MeV. The
function F8 is as given in Eq.~19! and has a value in the
range from22 to 12 as shown in Fig. 8. Taking values o
this function which maximizes the sum over the KK state
i.e.,F852, yields a value of unity for the sum, resulting in
branching fraction of 1.1531026 for R51 TeV21. This is a
significant enhancement over the standard model value@42#
of B(Bs→m1m2).4.031029. The experimental bound on
this decayB(Bs→m1m2),2.631026, as determined by
CDF @43#, sets the limitR21.815 GeV when the sum ove
the KK states takes on its maximal value. The sensitivity
this decay mode in probing the size of the additional dim
sion is thus comparable to that ofBs mixing and will im-
prove with Run II data at the Tevatron@44#.

V. CONCLUSIONS

Models where the standard model fermions are locali
at specific points along a compact extra dimension offer
attractive means for constructing the fermion mass hierar
and suppressing dangerous operators such as proton d
In these scenarios, the fermions obtain narrow Gaus
wave functions in the additional dimension with a wid
much smaller than the compactification scale. The ferm
Yukawa couplings are then generated by the overlap of
localized wave functions for the left- and right-handed fe
mions. Lighter fermions are thus more widely separated t
heavier ones.

The gauge fields are free to propagate throughout the b
in these scenarios and their KK excitations develop tree-le
flavor changing interactions which are proportional to t
overlap of their wave functions with those of the localiz
fermions. Gluons, as well as the electroweak gauge bos
then mediate flavor changing neutral current processe
dangerous levels. Previously, it was thought that the o
way to avoid stringent bounds on the size of the comp
dimensions was to minimize the separation of the ferm
fields, thus endangering the scenario’s natural explanatio
the fermion hierarchy.

In this paper, we have reinvestigated these new FC
interactions and have performed a general, systematic, m
independent analysis. Our results hold for any such mode
the fermion hierarchy with specific fermion geographies. W
have employed a model parametrization which contains o
three parameters: the size of the extra dimensionR, the
2-10
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scaled width of the localized fermionr5s/R, and the fer-
mion separation distance expressed in units of the w
Dx5as. We performed a simple Monte Carlo analysis a
determined that the fermion mass hierarchy can be re
duced in our parametrization for natural values of the para
eters.

We then evaluated the KK gluon tree-level flavor chan
ing contributions to neutral meson oscillations. We fou
that the sum over the KK states is exponentially damped
higher KK gauge states as the KK states can then resolve
finite size of the fermion wave function. This allows us
perform the KK sum in a scenario with more than one ex
dimension. We then evaluated the constraints from kaon m
ing in the case of one extra dimension and confirmed pr
ous results that 1/R*100 TeV for larger values ofr unless
the separation was very small. However, the constr
shrinks to 1/R* few TeV for smaller values ofr, even for
widely separated fermions, at the expense of introducin
new hierarchy between the compactification and fermion
calization scales. The constraints fromBd and Bs mixing
were found to be much less restrictive. We also perform
the evaluation for the case of two or more additional dim
sions and found that the FCNC constraints were much m
difficult to evade.

We next studied the dependence of our constraints on
fermion mass mixing matrices, and found that with a realig
ment of the matrix elements our bounds could be redu
further by factors of 10–100.

In addition, we examined the rare meson decaysBd
→cKS ,fKS , as well as single top-quark production
e1e2 collisions, and found weaker limits of the size of th
11600
th

o-
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-

r
he

a
x-
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t
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d
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re

he
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d

extra dimension of the order of TeV21. We note that the KK
gluon contributions to these rare decays are signific
enough to generate interesting effects in the relatedCP vio-
lation observables.

In summary, we have shown that once the parame
space is systematically explored, it is possible to evade
stringent bounds from FCNC in split fermion models f
natural values of the parameters and without the introduc
of any additional hierarchies. Lastly, we note that the int
duction of brane localized kinetic terms are known to sign
cantly reduce the couplings of gauge KK states@45,46# and
may help to even further reduce the constraints from FC
in these scenarios.
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APPENDIX

Here we present a way to perform the sum over K
modes analytically in one dimension, and see that the su
exactly linearly proportional to the separation@47#. The func-
tions that we need are

F~x,y![ (
n51

`
@cos~npx!2cos~npy!#2

n2
~A1!

and
G~x1 ,x2 ,y1 ,y2![ (
n51

`
@cos~npx1!2cos~npy1!#@cos~npx2!2cos~npy2!#

n2
. ~A2!
s

n

We can do both of these by evaluating

f ~x![ (
n51

`
cos~nx!

n2
~A3!

so that

F~x,y!5
1

2 F f ~2px!1 f ~2py!1
p2

3

22 f ~px1py!22 f ~px2py!G ~A4!

G~x1 ,x2 ,y1 ,y2!5@ f ~px11px2!1 f ~px12px2!

1 f ~py11py2!1 f ~py12py2!

2 f ~px11py2!2 f ~px12py2!

2 f ~py11px2!2 f ~py12px2!#. ~A5!
Writing cos(nx) as two exponentials and combining the sum
we have

f ~x!5
1

2 (
nÞ0

einx

n2
. ~A6!

The functionf is then the solution of the differential equatio

f 9~x!52
1

2 (
nÞ0

einx52
1

2 (
n52`

`

einx1
1

2
~A7!

52
1

2 S 2p (
k52`

`

d~x22pk!21D .

~A8!

This is solved by
2-11
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H~x!52
1

2 S puxu2
x2

2
2

p2

3 D , ~A9!

whereH is defined on the interval@2p,p# and is 2p peri-
odic for other values~this takes care of the sum over del
functions!. We then have

f ~x!5H~x!1ax1b. ~A10!

Looking at the original function we see that we must ha
*2p

p f 50 which givesb50. Also, sincef is an even function
a50.
cl

tt

R.

ev

. D

le

. B

11600
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We can then use Eq.~A10! in Eqs.~A4! and~A5! and use
the physical condition that all arguments are positive to
the final result

F~x,y!5
p2

2
ux2yu ~A11!

and

G~x1 ,x2 ,y1 ,y2!52
p2

4
~ ux12x2u1uy12y2u

2ux12y2u2uy12y2u!. ~A12!
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